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The Fortran Veductive Systern
3. R, Quinlan and %, B. Hunt
The Universiiy of Washington

Tha Fortran Deductive System (FSD) is a prepram vhich
solves generalized theorem provingdproblemsv It receivas
as input the dafinjition of 2 deductive sysien {oizsbra,
geometyy, fTirst order nredicdte calculus, ete,)}, than =
series of runsorems. The progrem atterdts (0 preva zach
theorem, using as promises the axioms of the system and cny
previously proven thzorems wirich the program use:: has ordnied
it to retain. The notatlon used by the pregran wo defino
a particular deductive syster is very similer t¢ that uecd
in conventlonal school mathenatics. This mekos it pogsibie
for a person to uge the systom even though %Lz h&s‘hﬁ kﬁov~'
ledge of FDS' intermal struchure, In fact, nost uvasrs oY
the system do not have this ¥nowledge.

The FDS wesg develcped g5 a vehicle for studyinz two
problems in computer scienze, both of which are clozely
related to gnalagous problems in The behaviorel seisnces.
The major use of FDS has beenr: to study "pure casss" of
problen z0lving processes. By observing the perfortance

of well defined elzorichms for solving symbolic problens,

such that, knowinz the typc of a particular problem, wa
will be able to prediet the appropriste method for szolving
the problem before we do, in {act solve it. A somevhat
sinpler statement of this gorl is that wa wanr o k1ou whot
certain vrroblem solvinz alsorithms wnrk well., A gaeond

research gosl is the augmentetlon of tuman problem soliring

.y
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ability. It is obvious that if we could produce a theorem
prover more effect;ve than msn, the range of problems which
could te attacked would be increaaéd. In addition, by ex-
ploring the potentials of particulsr computer=-executed probdlem
solving algorithms we may asslist huﬁan problem solvers

in two other ways. We might discover problem solving methods
which, in addition to being mrchina executable, could be
taught tco humans with a resultant increase ir their intel-
lectual skills. By oxtending the range ¢f problems waich
computers can handle, we can incresse the potontiai contri-~

-

bution, and alter the work distribution, in men~machine
problem solving teams.

The FDS is an intellectusl descendant of ithe General
Problem Solver (GPS) of Nowell, Shaw ani Simcd {(1559; Neweil
and Simon, 1961), from whom we obtained the originsl idaa
and an orientation for our early efforts. By now, howover,
the relationshi» has become quite distant, as ¥DS incorporates
severel concepts and programuing techniques‘which are not
contained in GPS, and similarly, some of the GPS capabi~
lities have been dropped. FDE slso incorporsatas many ideas
taken from recent work on the congtruction of gensralized
compilers ("compniler-compilers"). As its mams impliss, the
program is written entiiely ir FORTRAN 1V, ALGOL versions
have algso been implementad. We have not fourd any substantiszl
restriérions duz to limitations of these languages.

A formal definition of FDS is availsble (Quinlan and
#unt, 1967). 1t, and program listings ;f desired, can be

obtained from us, The program hat bsen running sguccessfully
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for over 2 yeai:. 'rvour knowledge, runs have been executed
on the IBM 7094, the CDC 3600, the Burroughs B 5500, and the
Eagl_ish Electric KDF=9, In this paper we shall givs an
informel description of the general featurez of the prozram,
and discuss a few seslected app!.icatio;ls to zive some idea
of its range and power,
From the user's point of view

The user can regard FDS zs an "slterable™ black box
vhich accepts theorems as input and produces solutions as
output, It is alterable in the sense that prior to the first
theorem the user specifies what a well formed expression
looks like, what notation he wiil usa, and vhat riries of
irferences are permnissi’le,
Notgtion: The user first indicates the names of his operands
and operators. Fe can apecify non-numeric constants (TRUE,
FALSE, GOOD, BAD), variabdles (X, Y, WHO, WHICH), urary
cornectivas (NEG, NOT, 1LOG, BELOW), and binary comnectives
(-l;, -, W07, OR, BELIEVES). In addition, the progrem recog-
nizes the integers. |
Azloms: Excepting the integers, the program containz no
jnhorent definition for the usfer’s notation, Meaning is
established when the usar definas his axioms., Each axion
is stated as a rewriting rule, i.e., structure A mey e
revritten as structure B, We will use ":=%® (0 mran "may
be rewritten as,” although in fact this symbol moy be speci=-
fizd by the usar, Axioms are presented to the system in
tha convantional, .or infix, notation, For exampls, the

commutivity property of ¥4" 1in algebra would bes oxpressed
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as
A+3B =3+,
This rule informs the system that any two well formed form}.ae
separated by a "+" may be rewritten with the order of tha
formulae reversed., As in conventionsl algebra. e well formed
formtlas is any varisble or constant, eny unary operated
followed by a well formed formula, or any two well formed
formilze ssparated by a binsry operator. Parenthcsas mast
be used to suppiy iaformation concerning thz order of
priority of operators wiaere this is ambiguous, in the same
manner as thay are used ia zctool a2lgebra,
System pargmeters. As an option, the user may supply the
progran with soms "hints" about the difficulty of a problem,
ir terms of the expected mmiber of steps ©0 2 pz;oof, how
large the exprossionz should grow to in intermediste stages
of proof, and sc forth. Thase parametors may affect tho
powér of tho system in some situgstions,; 3in others its perw
formance is surprisingly independent ¢f paramcoter setvtings.
Problemg: Protlems are iaput in exactiy the same form as
exioms, i.e,, a woll formad formmula on the left to Do reo-
written as on the right of a rewriting syiabol, Optionally,
the user may indicé'.:e that if g particuler theorenm is
proven, it is to be used in the proof of subsaquens: theorems.
Selutions

A theorem proving oroblem is solved by FDS when the
program finds ar ordered set of rewritings which change ene
string of symbols (tie “laft-kand side? above) into another
(the "right-hand side®), A on oxample, suppose wa huove

the axioms
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1. A+B :=B+A
2, A+8)+C::=>sa4+(B=0)
&nd the problem
A+ (Bs+C) = (A+B)+ c.
This is a problem because the rewriting symbol is not reflesiv:
eeele®,, ir acts more like ,tho "implies" of logic thon the
E=" of algebra. The followinzg solution would be obtained
by the FDS? |
IRITIALLY A = (B + C)
USING AXIOM 1 (B 4+ C)+A
USING AXI®f 1 (C + B) + A
USING AXIOM 2 C + (B + A)
USING AXIOM 1 (B +A)+C
USING AXIOM 1 (A + B) + C  SOLUTICN
This simple exanple 1liusirates two poinis. HNHowhove
has the program gore beyond the semantic mezning of the
symbols irmplied in the axiomz, Tho Peclavrerncossy of the
program is solely in deciding which cxmions 4o apply, and ,
vhether to apply tham to the ontire stming of symbols which
constitute the presgant state-~ each succassive Line of the
proof-«-0r to some cubstring of the preseni: state.
Erogpam Ozganization
The FDS internsl operation will now e deseribed
briefly. Intarnmally, formulaa are empresced im the suffix,
or "Polish" notation. A well formed formuls i3 definsd
as (a) & constant ox veriabie, (b} n unary operaior Sollowad
by a well formad formula, or {c) & binary opcrator followed

by an ordered pair of formulae. In th> last caca, we havo

(8]
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followed the convention that the operand which would be the
right-hand cperand in the normel notation is expressed first,
As an example, if the user states A + (B + C), FDS will store
‘tha string +4+CBA., It is important -to note thet any operator
symbol will head a substring vhich is itself a well formed
formile., Alsoc, the order of the symbols in the FDS steing
will unambiguously specify & tree structure for en expression,
f.e., & graph in vwhich each noda represents an operator
or a varisble or constant, and those nodes which represent
operators have below them subgraphs specifying their operands,
The GPS program achiaves an identical reprasentation using
1ist processing techniques,

A problem is a command o FDS to rewrite a givsn
suffix string, called the stgte, and corresponding to the
left-hand side of the problem Iin the extarnal representation,
into another suffix string, called the goal, vhich corres-
ponds to the right-hand side of the external representstrion,
The two stringe are corpzred symbol by symbol, If they
are idemtical, then the problem is solved, I is retranse
lated to the external represcntation and printed, If the
two strings are not identical, a differcnca set is established
between them, This is done by starting st the leftmost
symbol (the main oparator of tha expression), and comparing
corresponding symbols, When a difference is noted, the
pair of symbols which gave rise ::o‘the difference are stored
on the difference set, and comparison contimues, but does
not include any symbole which express cpzrands of the symbols
which gave rise to the difference pair,
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An example mey help clarify this. Returning to the
3izple problem glven above, we see that the internal repre~
sentation of axioms 1 and 2 in FDS would be

1. 4BA = 9AB

2, -lnC-&BA = $+4+CBA
while the problem is

++CBA = +CeBA,

The first diffm pair is the pair (+.C), whore the

4+ is the second + in ths state (left~hani) siring, and the
C is the C in the right-hand string, Since the + bogins
e mbstrucm (eorfespording to (B + C)} in the excernal
probiem), ths substring +CB on the 1¢ 't is skipped. Thus,
the seccnd diffarence pair is (4, +), vhors the ¢ 3is the
socond + of The goal string. Tais in turn, begins thwe
substructure +BA (A 4+ B), so the remeinder of the gcal

string is skipped. Therefore, thase two difference vpairs

Low

comprize the difference set,

The difference set states, in offect, whnt must bo
changed intoe what im order for the gozl %40 ba achieved.
The FDS then sxamines both tha axioms and the state and gool
stringe in order to detecrmina a set of pairs (e,1;, vhere
¢ iz an axiom gd @ spocifies & substring of thy stata
string. That 1s, ¢ is c rewriting ruie ard 3 4s the pizes
in the state sixing vhere 1t will be appiied, Let us call
this = operator. In the exarple, the first step applied
axiom 1 to ths ontire string, while the seccad step appliad
the same axiom to & subexpression,

I;iz applying an oporstor it may be found that the state
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string (or substring) is not in a form appropriate for the
axiom?s gpplication, In thiz case a check is made to deter=
nirne how many changes in the state string will be required
befere the axiom eccn be applied, If the system decldes to
apply en axiom which requires a chenge of the state stiing,
the subproblem of making this change in the state string
will be attzecksd, Thos2 familiar with the GPS iizerature
will recognize this as being very similar €0 the “maans?end
analysie" and rocursive problem solving techniqpe used in
tha Newell, ot. 2l. pregram, Ths major difference betwaen
FDS and GPS at this poiant is tha® in FDS gubprobloms aze
not attacked by ramxrsive application of the progiram, but
instead azre atizelsd Im o woy That insurcs that waen there
are sevaral alternrative solutions t¢ ¢ sundroblem, zn gppro-
priate solution for solviaz both the subszodlem and edvancirs
the soluticrn of the main problcm will be found.

The performance of the program dojeonds henvily upon
its ability to devermira which operato:r To try first,
This informatiecn is obtained by two zubrrograis, both of
which are replscesbie modulas of the main program, One
subprogren: “locks aiwac® Iim iz sa2nse thot It coltormines
now many uéeful cnanzee will bLie achieved by & ziven ¢i:zrator,
The assumption 1.6 made thnl aiy subproblems tnich mey erise
can be solvead, A second subprogram Compares the opsrations
recomendad by the firest subprogrom e & vracord of sreviously
sucecassful applientione of suicms. Tach onerator is classi-
fied into onas of twenty entagorics, bssed on the structure

of both the axiom and the staie to which it is te be spplied.
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The operator is then assigned a rating determined by the
ratio of the munber of times operators in its class have
12ad to solutiuns to the total mmber of times they have
been tried., These frequencies gre built up as the program
cbtains experience in soiving problems in a particular deduce
tive gystem. Simple minded as the learning slgorithm is,
our expesrience hss baern that it is quite effective in improv-
ing the programic performancs,
Appiications of the FEDS

We have conducted a reass>nably large mmber of studies

of tha program®s perfornsnce in a variety of sreas of mat

stem, tho

"‘4

ematics, TO give some iden o0f the powaer of rhe s
rasults of these studics will be summarizad brierfly,
Algebrs, The system ic z quite powerfui maninulator of
conventional aigebrsic formalae, Ovar o hundred theorens
have bean provon concerning the meanipuloiion 6f wvariables
under the operzricns of gdditicon, subiraciion, n=pgation,
ard maltipliecatricn, The avarane tine per thooren ig about

twanty seconds

We @0 not a2resent FDS as a simulation of hwman thoushi,
in fect, In algebra it is o ssmavhat better probien solver
than most peopia. To sest thils assertion, we used FIS
to solwe twelve vrotlens based upon the {ollowing rertyiciad
axjoms of algeixra:

i1. A+B =58+

2. A+ B} -B 128

3. A =A% E)

G, (A «BY + 7T 22734 28) « 3
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5. A+ (B+C):=(+DB)+C

6, (A+B)~-C:=(a~-C)+B.
The same problems were presé;fed to thirty undergraduate
psychology students at the Uhivarsi;y of Washington, and
in thirty minutes they produced an average of two solutions
each, The program solved all twelve problems in less than
five mimutes. One problen, to prcve

(h~-C)~(BeC):=A~B,

was not solved by any of the students. Informslliy the
same problem wzs sttempted by seweral professors..iacluding
mathomaticisns nnd methematlecal psychologists, .and graduate
students in mathematics, engineering, and conputer sclence.
Only one studer:, a senior in mathemetics, pircduced &ny
solution, and his was ¢ifferent from that wredueed by FDS,
By contrast, some problams on vhich IDS exvended a fair
amount of time (by iits stamndnrds) proved quito easy for
people,

-

Logic: FDS was used t¢ sol-ja problomz suictted

tehy

rom the
axarcise sets in an elermcntary scheol fnew mathematics”

toxt book, Suppas and Rilifts Ingroductony _logzie 7£or_Sehonls
| Loty iy ot Tt — .

(19 ). Although some problems were found for which an
FDS formulation was elimsy, n? problems were found in this
book which the program could ot solve.

Trigonometry: A number of in’ormal studies were carried
out in which the progren was sed to zalve identity proving
problems in irigonmometry. Thuese studies illustrated an
{isportant principle, the progrem is floxible enough go that

how the user repressants thae dzductive svstem wili exert
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a considerable influence on the difficulty of obtaining

a solution., Several azlternate representativns are possiblé
for trigonometry, Depending on which representation wes
used, a problem might be either hard or easy. It has been
noted that this occurs in other problem solving programs
(Ernst and FNeweil, 1367).

Pattern jdentification: It has been suggested that complex
patterns, such as pictures of houses, can be recégnized as
exarples of a geqeric clars by using a simplification system
vory much like parsing in a phfﬁse structuré grammar (Minsky,
1963; ledley, 1962, 1965)., For example, in such a system,

a "House" might be defined as a poof on top of wall, where
wall could be defined as wqll or wgll with windoy or wall
with door or wapll beside wpll. and roof, in .turn, be definad
as poof or poof with zabls or rpoof with chimney. Even with
such a simple "grammr,® gulie complex pictures can be dravn.
When the grawmer fur reccgnizing pleture classes is input
to FDS as the deductive system, the progiram is capable of
recognizing very intricate patterns as exemples of a class.
The patterns, of course, must first be coded into a symbolie
raprésentation of a'picture, as the FDS does not at present
have any capacity for graphic input of data. in this appli.
cation the learning procedures described prdveé noticeably
and uniformly effective.

Sanderson glgebrg: Sandezsen (1967) has developed an clge-
braic representation for flow diasrams which might reprecent
simple computer programs. The motivation for his work was
an attempt to develop a deductive system which could be

used to prove that two programs, as defined by thoir flow
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charts, were in fact equivalent éo:nputations. He proved ten
theorems coacerning program equivalence using this algebra.
The proofs of all ten theorems werae raproducod by FDS.
Inequalitias: Some attempts have been made to prove the
theorems of the calculus of insqualities, using previocus
regsults fron logic and algebrz. In thesc studies the FDS
has had to work with better than 130 previcusly provon theorems.
While some elemen’a:iy thsorems have teen proven, the need
to gearch a very large mmber of rewriting rules to deter-
mine tha next operatioa has crused the prozram ¢o spend g
great desl of time on what seam, to humans, to be rezcoaadly
easy problems,
Surrent Scates and Fatupe Flaos

Thus fer, FOS hes been applisd oniy CO re«pirove well
known, and to a maThemacicisn elenmentary, theorcems, We hope
to extend this somevhat in the next few yaares by sppiying

FDS o0 more advanced arazs of matharetics, In £his work

- we do not expect tho pragmam 0 axcecsd tiwe capazliy of the

intelligent humsn mathevaticien, 1t may., however, serve
as a useful comtlamand to him, 2An Interzctive version of
FDS has been inrlamonted on the Burroughs BE-5500 remote
access systenm, zml con B2 uced in studies of man~compute:r
probilem solwving teamc,

Considerably more work needs to Lo dozne on lsarning
algorithms for the Thecrem prover. Intuitively, it would
geem that expariancs with theorcm provirg problems should
lead to the Iaocvwledge that certein rewriiing rules are

gppropriate in given situstions, The guestion is, can wo
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writs & program which develops these rules of thumb for itself?

This is closely related to our interest in problem typology~-
can we £find classes of problems such that certain problem
solving precedures agre appropriats for éll members of the
class? |

Ir. summary, we hava developed a useful, reasonably
powerful theorem prover using standard algebraic computing
lanzuages, The system is cepable of proving theorems waich
are quite difficult for the everege university undergradusve,
But it hes not yet produced arny proofs which would bo consi~
dered exceptionally good by &2 professional mathamstician,

This, of course, iz a difficuit goal to r=2ach, but wo fsool

thaet we have mede prograss towards itT.

A
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